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Abstract

The typical energy estimate for the Navier—Stokes equations provides a bound for
the gradient of the velocity; energy—stable numerical methods that maintain this
estimate preserve this bound. However, the bound scales with the Reynolds number
Re causing solutions to be numerically unstable (i.e., exhibit spurious oscillations) on
under-resolved meshes. On the other hand, in the transient two—dimensional case the

dissipation of enstrophy provides a bound for the gradient that is independent of Re.

We propose a finite—element integrator for the Navier—-Stokes equations that preserves
the evolution of both the energy and enstrophy, implying gradient bounds that
are, in the 2D case, independent of Re. Our scheme is a mixed velocity—vorticity
discretisation, using the idea of a discrete Stokes complex from finite element exterior
calculus. While we introduce an auxiliary vorticity in the discretisation, the energy—-
and enstrophy—stability results both hold on the primal variable, the velocity; our
scheme thus exhibits greater numerical stability at large Re than other methods

in the literature. We conclude with a demonstration of numerical results.



Acknowledgements

What else is left to us, when the burden of the times grows too heavy, but to hide in
the small act of shaping chaos into something that resembles order? And when the
world you carry within yourself — the world that once rooted you most deeply — turns
to ruins, what meaning can there be in symbols, equations, and proofs? Yet it is
precisely here that I keep a vigil: mathematics, fragile though it is, a reminder to me

that even amidst devastation, the mind can persist, create, and refuse to surrender.

To my advisors, Patrick Farrell and Boris Andrews, I owe more than guidance: I
owe the gift of being accompanied in thought. They stood, each in their own way,
as quiet architects of the path I now walk. Without their presence, the journey
would have been lonelier, and the mathematics less alive.

To my family: your patience has been the truest form of strength, the silent rock
that has carried me farther than these pages ever will.



Contents

List of Abbreviations

1 Introduction

1.1 Related literature . . . . . . . . . ... Lo
1.1.1 Emergy preservation . . . . . . . . . .. .. ... ...
1.1.2  Motivation: Stabilisation via enstrophy preservation . . . . .
1.1.3 3D Enstrophy . . . . . ... ...
1.1.4 Stabilisation on under-resolved meshes . . . . . . . . . . ..
1.1.5 Geometric numerical integration (GNI) . . . . .. ... . ..
1.1.6 Novel aspects . . . . . .. .. ... ... ...
1.2 Code availability . . . .. ... ... oo
1.3 Allnput . . . . . .. o
1.4 Overview . . . . . . . .

2 Notation & preliminaries

3 Structure—preserving discretisations

3.1

3.2
3.3

Related literature . . . . . . .. .. ..o
3.1.1 Energy— & enstrophy—stable integrators . . . . . . . .. . ..
3.1.2  GNI via auxiliary variables . . . . . .. ... ... ... ...
Structure—preserving discretisation . . . . .. ... ... ... ...
Structure—preserving properties . . . . . ... ... ... L.
3.3.1 Emergy stability . . . . ... ...
3.3.2  Enstrophy stability . . . . ... ..o
3.3.3 What exactly is being dissipated? . . . . . . .. .. ... ..

vii

o O © o0 N O ot w o ow N~

[
—



Contents

4 Implementation
4.1 Related literature . . . . . . .. ... oo
4.1.1 Firedrake limitations . . . . . .. ... .. .. ... .. ..
4.2 Nonconforming interior—penalty formulation . . .. . ... ... ..

4.3 Conforming Workaround . . . . . . . .. ... ... ... .. ...

5 Numerical experiments
5.1 2D shear test . . . . . ... ..
52 2D vwortex test . . . . .o
5.3 3D vwortex test . . . ...

6 Discussion and Outlook

Appendices

A 2D vortex test

References

vl

33
34
34
35
38

41
41
45
48

51

54

56
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1D, 2D, 3D . . One-, two—, or three-dimensional; referring to the spatial dimen-
sion of the problem or domain under consideration.

AV . ... Auxiliary variable

BC ....... Boundary condition

BvVP . ... .. Boundary—value problem

cG ..... .. Continuous Galerkin

DG ... .. .. Discontinuous Galerkin

DoF . ... .. Degree of Freedom

FE . ... ... Finite element

FEEC . .. .. Finite element exterior calculus

GNI ... ... Geometric numerical integration

c ....... Initial condition

PM ... ... Interior penalty method

ve . ... .. Initial-value problem

LHS ... ... Left-hand side

MEEVC . .. Mass—, energy—, enstrophy—, vorticity—conserving

NS .. ..... Navier—Stokes

PDE ... . .. Partial differential equation

Qol . . ... .. Quantity of interest

RHS . ... .. Right-hand side

SP ....... Structure—preserving/Structure preservation
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Alles Gescheite ist schon gedacht worden.

Man muss nur versuchen, es noch einmal zu denken.

All intelligent thoughts have already been thought;

what is necessary is only to try to think them again.

— Johann Wolfgang von Goethe
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We begin with the incompressible Navier—Stokes equations
u:—u~Vu—Vp—|-iAu (1.1a)
Re
0 =divu, (1.1b)

subject to an initial condition u(x,0) = uy and boundary conditions on a bounded

Lipschitz domain © C R? with boundary 9. Here, u: R, x Q — R? denotes the

time—dependent fluid velocity, P : R, x {2 — R the scalar pressure, and Re > 0
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the Reynolds number. The Laplacian A acts componentwise on u, and * indicates

the partial derivative with respect to time t.

The existence of a smooth, globally defined solution to the three—dimensional
incompressible Navier—Stokes (NS) equations remains an open problem. The strong
form (1.1) tacitly demands high regularity i.e. u,p € C*! in space-time'. Whether
such regularity persists for all time in 3D is, as yet, unproven [Fef00]. In applications,
one therefore computes numerically. Yet in the parameter ranges where numerical
resolution is most demanding—typically large Re—fully resolving all scales in
the solution space is infeasible?; most practical simulations are necessarily under—
resolved. The usual palliatives—artificial viscosities, upwind penalties, spectral
filters (see §1.1.4)—stabilise the numerics by altering the equation, damping the
very features (fine-scale dynamics) one hopes to capture, and break reversibility

in the Euler limit as Re — oo.

This thesis, however, takes a different tack. The incompressible system carries rigid
quadratic structure: kinetic energy in all dimensions, enstrophy in two, helicity
in three. These invariants measure, respectively, the L?>-norm of the velocity u,
the H'-seminorm of the velocity (or, equivalently, the L?*-norm of its vorticity),
and in three dimensions the cross—correlation (u,curlu) known as helicity®, which
quantifies the linkage or knottedness of vortex lines. The question we pose is
simple: Does strict discrete adherence to the quadratic structures—energy and
enstrophy—ryield robust under—resolved simulations without artificial damping? 1t

does. We now turn to what is known: the results that inform this inquiry.

1.1 Related literature

We chart the ground briskly: the core results we build on, the techniques we

modify, and the assumptions we decline.

'In parabolic Holder notation, C?! means two continuous spatial derivatives and one continuous
time derivative, with the compatibility needed to interpret (u-V)u, Au, and VP pointwise.

2Low-Reynolds—number regimes are of equal physical interest—for example in microfluidics or
porous—media flow—but the numerical difficulties motivating this work arise predominantly at
high Re.

*Here (-,-) denotes the inner product in L*(Q2), i.e. (a,b) = [,a-bdx.
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1.1.1 Energy preservation

Energy is the grammar of incompressible Navier—Stokes; the rest of the syntax
hangs from it. The literature on the design of energy—stable integrators for the
incompressible NS equations is vast. We can, however, trace its origins back to
the late 1950s & 1960s: In 1959, Phillips [Phi59] observed that, when improperly
handled, nonlinear advective terms could lead to the breakdown of solutions for
numerical integrators; 7 years later Arakawa [Ara66] enforced conservation of
certain quadratic norms on the solution; with early finite—difference instances in
Harlow & Welch [HW65] and Arakawa, Mesinger & Lamb [MA76; AL77]. In 1970,
Piacsek & Williams [PW70] then linked discrete energy balance to an L*-skew

(skew—adjoint") convective operator.

1.1.2 Motivation: Stabilisation via enstrophy preservation

Although energy is the customary theme in discussing incompressible Navier—Stokes
equations, the system exhibits further structure, especially in two dimensions. In
particular, we highlight the enstrophy €(u) := 3| Vul|?, where | - || denotes the L
norm. Intuitively, enstrophy quantifies small-scale rotational content: a wvorticity
energy measuring the intensity of fine—scale turbulent motion. In parallel with
the kinetic energy K(u) := 1|ju/|?, which dissipates according to K= —=[[Vul?
(see §3.3.1), the enstrophy in 2D (under appropriate boundary conditions) dissipates

as £ = — 1 [|Aul? (see §3.3.2), where A denotes the Laplacian.

In §3, we derive energy— and enstrophy—stable integrators for the incompressible
Navier—Stokes equations, i.e. schemes that conserve energy in the inviscid limit
(and dissipate for Re < co) and preserve the evolution—or dissipation in 2D—of
enstrophy. By contrast, typical H!-conforming schemes that are only energy-stable
struggle on under-resolved meshes—formally, when h?Re > 1 for a given mesh size

h. The tell-tale symptom is the appearance of large, spurious velocity oscillations.

While many explanations can be offered for this phenomenon (see §1.1.4), we trace
the effect to the absence of a meaningful H' a priori estimate holding on the discrete
solution: in finite dimensions, norm equivalence already converts an L? bound into

an H! bound up to a mesh-dependent constant. Yet, the classical energy estimate

4An operator C is skew-adjoint if (Cu,v) = —(u,Cv) for all u,v. For the convective operator
C(u)v = (u-V)v, this holds when divu = 0, so that (C(u)u,u) = 0, expressing kinetic—energy

conservation.
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(1.2) scales with Re and, as Re — oo, fails to control ||[Vul|. In the continuous

setting, the standard estimates (cf. §3.3.1) read as follows

oo Re
sup [lul|? < [lu(0)]?, / [Vul* < 5 [ (0)]I”. (1.2)
>0 0

Therefore, when h?Re > 1, the H! bound no longer constrains the discrete solution
beyond what the L2 bound already provides and exerts no additional regularising
force on u. H'-conforming discretisations that are solely energy-stable therefore
lack any barrier to the growth of fine—scale oscillations on coarse meshes and at
high Reynolds numbers Re. In the Euler case, Re = oo, the claim is immediate;

no H! bound is available at all.

Figure 1.1 illustrates this phenomenon for an energy-stable H!'-conforming scheme
applied to the advection of a two dimensional vortex. At moderate Reynolds
number Re = 2'2, the vortex advects smoothly around the perimeter of the domain
Q) = (0,1)? as expected. However, as Re increases, the loss of a meaningful H!
bound becomes apparent: spurious oscillations emerge and distort the solution,
despite energy stability being maintained. The scheme thus fails to replicate
the expected dynamics—in this setup®, a vortex orbiting clockwise around the

perimeter of the domain ().

One therefore requires an Re-robust H! bound, i.e. independent of Re. In two dimen-
sions, and again under suitable boundary conditions (i.e. Assumption 2.1), such a

bound arises from enstrophy dissipation (see §3.3.2). In the continuous case, we have

00 Re
sup [[Vul]> < [[Vu(0)]]?, / [Au|* < o [Vu(0)]. (1.3)
>0 0

In particular, this yields an Re-robust H' bound, together with an H? bound
that scales with the Reynolds number Re. In contrast to the energy—based H!
estimate, the enstrophy—driven one remains meaningful as Re — oo, even in
the inviscid Euler limit Re = oo. This motivates the use and construction of
enstrophy-stable schemes, as they are expected to offer improved stability over solely
energy-stable ones on under-resolved meshes in two dimensions. We demonstrate

this improved stability in §5.

5The vortex configuration follows the setup described in §5.2.
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Re = 212

Re = 2%

Figure 1.1: Snapshots of an energy-stable H'-conforming scheme for Re = 2!2 and
Re = 2% at times ¢ € {0,2,2}.

1.1.3 3D Enstrophy

In 2D, we saw that enstrophy conservation supplies a meaningful H! bound
independent of Re—providing control of ||Vul|| even as Re — oo. The three-
dimensional setting, however, is fundamentally different: Euler conserves energy
and helicity ‘H := % (u, curlu), the latter being a topological measure of knottedness
or linkage of vortex lines. In three dimensions, Robinson [Rob20] argues that energy
conservation alone provides a handle on the global existence of weak solutions,
whereas enstrophy is linked to the existence of strong (smooth) solutions. Enstrophy
can be viewed as an indicator of solution regularity: as long as || curl u/|? remains
bounded, vorticity does not blow up, and no singularity can form. Conversely,
any finite—time blowup (if it occurs) would necessarily involve enstrophy diverging
to infinity. This is why enstrophy is often highlighted in regularity criteria—for
example, one equivalent way to state the Clay Millennium Problem is: prove that

for smooth initial data, £(¢) cannot blow up in finite time.

Complementing the analytical picture, recent optimization—based computations

by Kang et al. [KYP20] have probed worst—case enstrophy growth permitted by
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the 3D Navier—Stokes equations. Kang et al. [KYP20] cast a family of PDE-
constrained problems: among all initial data with prescribed enstrophy &, find
those that maximize enstrophy at time 7. Large-scale adjoint methods reveal
that the maximal amplification is finite at all times and there is no evidence of
singularity formation. In 3D, one cannot hope to conserve enstrophy, but one
may seek a discretisation that at least does not blow up enstrophy. In practice,
no numerical scheme can prevent a real physical singularity if one were to occur—
but if the scheme does tend to keep enstrophy bounded where the real physics
would, it can be considered a stable and physically meaningful method. This is

demonstrated with an exploratory 3D test in §5.3.

1.1.4 Stabilisation on under-resolved meshes

Conventional stabilisation techniques have failed to consider enstrophy stability,
with the predominant strategy for H'-conforming schemes being the implementation
of an artificial viscosity. Spectral vanishing viscosity (SVV) methods, originally
introduced by Maday & Tadmor [MT89] in 1989, selectively apply dissipation
to high—order modes; mitigating spurious oscillations that originate from energy
accumulation at smaller spatial scales. Tadmor [Tad90; Tad93] established that,
with carefully tuned parameters, SVV methods converge to entropy solutions;
yet this targeted dissipation sacrifices the fidelity of the highest spectral modes,

diminishing the effective resolution of the scheme.

The continuous interior penalty (CIP) and gradient jump penalisation (GJP)
methods, first introduced by Douglas Jr. & Dupont [DD76], mitigate fine—scale
oscillations by penalising jumps in the solution gradient over mesh interfaces. These
methods have been rigorously analysed for advection—diffusion systems, including
the incompressible Navier—Stokes equations at high Reynolds numbers, by Burman,
Hansbo, & Fernandez [BHO04; BEFH06; BF07]. At moderate polynomial orders (e.g.
p = 3), where only a few high—order modes are present, CIP/GJP methods have been
shown to outperform SVV schemes [Mou+22]. However, we note that the inclusion of

artificial dissipation renders these methods irreversible in the Euler limit Re = oo.

In contrast, DG methods [CKS00] incorporate built—in upwind stabilisation, which
naturally targets high—frequency components and favours finer spatial scales, as
discussed by Moura et al. [MSP15; Mou+17]. Although DG methods exhibit stability
properties akin to those of CIP and GJP approaches, they are often accompanied by
a nontrivial increase in computational overhead, stemming from the higher number of

degrees of freedom required for the same approximation order on an identical mesh.
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1.1.5 Geometric numerical integration (GINI)

Physical quantities are intrinsically linked to geometry and orientation. If we
properly capture these concepts in our mathematical descriptions of reality, certain
structures naturally and consistently arise within physical equations. Differential
geometry provides us with the mathematical description we need to identify these
structures, as discussed by Tonti [Ton71; Ton88| who classifies physical problems on
the basis of geometry. Fundamental to this classification is the distinction between
metric-dependent and —independent relationships; the former being constitutive
laws, and the latter being differential relations prescribed by the laws of physics.
Tonti defines this structure in terms of two distinct classes: source variables and
configuration variables, representing two distinct orientations of the same geometry.
This same classification is also made by Frankel [Frall], who refers to real and pseudo-
forms, and by Bossavit [Bos98|, referring to straight and twisted forms. Structure—
preserving (SP) methods aim to retain this at the discrete or computational level
[Ger12]. The close relationship between differential geometry and algebraic topology
provides a crucial tool for translating these structures into numerical discretisation
[Ton71; BHO6; KPG11]. These analogs ensure that the metric—free relationships

are preserved in the discrete setting, a fundamental component of SP frameworks.

Finite element exterior calculus (FEEC) [HipOl; AFW06; AFW09; Arnl18; Hu25]
plays the same role; it provides a systematic framework for constructing finite
element spaces that respect geometric and topological structure of the underlying
differential equations. In this setting, by choosing commuting subcomplexes of
the de Rham/Stokes complex, the metric—free identities are carried onto the mesh:
curlograd = 0 and divocurl = 0 hold, and the projections commute with the
differential operators. The orientation split persists: configuration (inner—oriented)
variables live on the primal complex, source (outer—oriented) variables on the dual.
Thus, the discrete scheme preserves the topological laws exactly, leaving only metric
terms to approximate. In time, SP integrators propagate the same geometry [Ske95;
BP03; HLW06; CMO11; BC17; 1Q18].

We adopt the auxiliary—variable (AV) framework of Andrews & Farrell [AF25],
which provides a general strategy for enforcing multiple conservation laws and
dissipation inequalities in numerical time integration. In this approach, each
conserved or dissipated quantity is associated with an auxiliary variable representing
the projection of its test function onto a discrete test set; the governing equations
are then modified to evolve these new variables alongside the primary unknowns.

We incorporate this AV framework within a FEEC-based spatial discretisation (as
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developed in §3), thereby combining its algebraic conservation mechanism with the
geometric exactness of FEEC to obtain a structure—preserving velocity—vorticity
formulation of the incompressible Navier—Stokes equations. Gauss—Legendre time
stepping is used so that the quadratic invariants—energy, and in two dimensions,

enstrophy—are preserved.

1.1.6 Novel aspects

Our scheme is a mixed velocity—vorticity discretisation relying on the existence

of a discrete Stokes complex:

rad ;
H! N H(grad curl) curl H! div 12
R
0 grad v curl v div Q

Our proposed semi-discretisation is as follows: find (u,p,w,0) € Vx Q x V x
Q such that®

1
- - . ' = lw - 1.
/Qu v dx /Q(uxw) v+ p(divv) dx Re/gcur w-vdx, (1.5a)

0= / (divu) ¢ dx, (1.5b)
Q
/ curlw - curl x dx = / curlu - curl> y — V60 - x dx, (1.5¢)
Q Q
0= / w - Vi dx, (1.5d)
Q

for all (v,q,x,n) € Vx Q xV x Q. The auxiliary variable w is a discretely
divergence—free approximation to the vorticity curlu. This preserves discrete forms

of energy dissipation and the evolution of enstrophy,

1 o] __ 1 2

at{z/]\uﬂ } = Re/chrluH , (1.6a)
1 2| _ (@ V) - & 2.

8t{2/\]curluH } = —/u (w - Vw) Re/chrle ; (1.6b)

as quadratic structures, these are preserved to the fully discrete level when using
any Gauss—Legendre timestepping scheme. Notably, while we introduce an auxiliary
vorticity w, the energy and enstrophy stability results (1.6) both hold on the primal

variable u. In 2D, the equivalent scheme makes use of a discrete 2D Stokes complex.

60 ¢ R? is a bounded, contractible domain with Lipschitz 6§, and Lebesgue measure dx.
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In this case, the enstrophy evolution (1.6b) becomes a dissipation law, providing a
Re-robust H! bound for u, consequently offering greater numerical stability even in
the ideal limit Re = oco. In contrast to existing stabilisation techniques (see §1.1.4),

this necessitates the introduction of no artificial viscosities or penalty terms.

1.2 Code availability

The numerical code used to generate the results in this work was implemented in
the Firedrake finite element framework [Ham+23|, employing UFL [Aln-+14] for
the specification of variational forms and Gauss methods via Irksome [FKM21].
The codebase was written entirely in Python, and the resulting datasets were post—
processed and visualized using ParaView [AGLO05]. Code for reproducing results

of this work is available at the GitHub repository: [Sha25].

1.3 AI Input

Generative Al tools were used solely to assist with LaTeX formatting and syntax, as
well as to support debugging and clarify the functioning of certain code components.
They were also used to paraphrase my own writing and correct grammar to bring
the prose to an academic standard. This language support helps level the playing
field for students whose first language is not English, while the intellectual content,
arguments, and results remain entirely my own. Importantly, prose is not mere
ornament: clarity and style shape how arguments are understood. To borrow
a literary analogy, as James Joyce’s work illustrates, form can carry meaning;
improving form can therefore improve access to the underlying ideas. I affirm that
no Al assistance was used for generating original research content, mathematical
theorem/arguments, or citations, in accordance with the University of Oxford’s

AT usage policies [Oxf25].

1.4 Overview

This thesis has a simple rhythm: ideas first, machinery second, evidence last.
Chapter 2 sets the stage. It weaves the strands of the literature that this work
relies on and fixes the notation and preliminaries we use throughout. The aim is

not encyclopaedia but orientation; enough background to read what follows.



1. Introduction 10

Chapter 3 builds the discretisation. Starting from a velocity—pressure standard
formulation, we construct a scheme that preserves the canonical 2D Euler invariants
(energy and enstrophy). We also prove the core structure—preserving properties that
motivate the method. Chapter 4 moves from theory to practice. In 3D, conforming
implementations of the required spaces—mnotably H(curl?) and H(grad curl)—are
not generally available in finite-element software (i.e. Firedrake [Ham+23]). We
show how to overcome this. We also develop a non—conforming variant via an

interior—penalty construction that will be used later in the experiments.

Chapter 5 is the proving ground. We run deliberately under—resolved tests (formally,
Re = 00) to stress the schemes: a shear—layer problem and a 2D vortex test, where
we measure the stabilising effect against traditional methods; and an exploratory 3D
case, asking a pointed question—when enstrophy is no longer a conservation law, does
tracking its evolution still yield qualitative gains? We let the computations answer.
Chapter 6 closes the loop with a discussion and a short outlook. We summarise
what stability buys us in practice, what it does not, and which extensions look

most promising next.



A good notation has a subtlety and suggestiveness

which at times make it seem almost like a live teacher.

— Bertrand Russell

Notation & preliminaries

This chapter fixes the language and standing hypotheses used throughout. We recall
the minimal functional-analytic framework and fix conventions that underpin our
discretisations. Proofs and broader generality in the differential-forms setting—finite
element exterior calculus—are deferred to [Hip01; AFW06; AFW09; Arnl8; Hu25].

Domain topology. All analysis henceforth will be conducted under the following

assumptions on the domain (2.

Assumption 2.1 (Domain, topology, and boundary). Throughout, if not
otherwise specified, we work on a domain Q C R?, d € {2,3}, with the following

properties:

i) Regularity. Q is bounded and Lipschitz®. Whenever elliptic reqularity e.g.,

in Lemma 2.2 is invoked, we additionally assume 02 € C*' P,

i) Topology. 2 is contractible and topologically trivial (equivalent homotopy to

a one—point space).

iii) Boundary conditions. Navier—slip BCs.

®Lipschitz boundary ensures the existence of a well-defined trace operator, allowing
scalar—valued functions in H' () to have traces in H/?(§€2), which is necessary for imposing

Dirichlet BCs in the model problem.
bi.e. locally 02 is the graph of a function whose second derivatives are Lipschitz continuous.

11
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Continuous problem formulation. The evolution of Newtonian viscous in-
compressible flows is governed by the Navier—Stokes equations (1.1). The NS
equations differ from the closely related Euler equations through the presence of
the viscous term éAu, which yields a quasilinear parabolic velocity equation
and fixes the pressure via an elliptic constraint enforcing incompressibility. This
diffusive term improves analytic properties—e.g., local well-posedness in 3D for
smooth data and global well-posedness in 2D—at the expense of the geometric
(Hamiltonian /Lie—Poisson) structure and its invariants (energy; along with enstrophy
in 2D, and helicity in 3D) present in the Euler system [Fef00; AKO0S].

Options for the convective term. The nonlinear advective term u - Vu
(see Equation 1.1) admits several equivalent formulations, each revealing different
analytical or geometric properties of the equations. There are, in fact, many ways
to express the convective term u - Vu; we recall here the most common ones used

in structure—preserving and energy—stable discretisations.

These equivalent expressions follow from the following tensor identity, which relates

the advective and divergence forms of the nonlinear term.
Vi(u®u)=(uV)u+ (V-uu. (2.1)

The first alternative formulation we consider, the skew—symmetric form, is obtained

as a linear combination of the convective and divergence forms, so called because,
once cast into a weak formulation, it defines a skew—symmetric form regardless of
whether the divergence—free condition (1.1b) is enforced,
iAu, (2.2a)
Re

0 =divu. (2.2b)

1 1
ﬁ:—iu-Vu—F—iV-(u@u)—Vp—l—

Another alternative, the rotational or Lamb form, using (u- V)u = V(5|ul?) —

u X (curlu), is

1
u=uxcurlu—VP+ R—Au (2.3a)
e
0 = divu. (2.3b)
In (2.3), X denotes the cross product, and P = p + 1|u? is the total/Bernoulli

pressure!. With some re-arranging, one may confirm that both (2.2) and (2.3)
are equivalent to (1.1). However, only in the skew—symmetric form? (2.2) and the

rotational form (2.3) the convective term vanishes, when the momentum equation is

'With a slight abuse of notation, we use p to denote the total pressure in the next chapters.
2Since (u, (u-V)u+ V- (u®u)) = 0; the convective term vanishes.
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tested against u. Therefore (unless divu = 0 holds ezactly, in the discrete setting)
either of these forms have to be used if we wish to have an energy dissipative
scheme (and conserving in the inviscid limit Re = 00). Also, Piacsek & Williams
[PW70] and Arakawa [Ara66] show that to avoid nonlinear instability, the discrete

convective operator must be skew-adjoint.

Complexes and operators. Fluid models carry two layers of structure. Some
relations are topological—they hold before any metric is chosen. Others are
metric—they quantify energies and dissipation once an inner product is fixed.
A structure—preserving discretisation must respect the topology ezactly and the

metric compatibly. We encode the topological layer through a Hilbert complex?®

d'r—l dr dr+1 (24)

X X, X1 — Koo —— -+

where X, is a Hilbert space and d, : X, — X, is a bounded linear operator
with d,;; o d, = 0. We write Nd, C X" for its nullspace and Rd, C X"*! for

its range; the complex is exact at level-r when

N(dr) = ,R’(drfl)- (25>

Notational conventions. Let || - || and (-,-) denote the L? norm and the L?
inner product, respectively. With a slight abuse of notation, we use L? to denote

both the scalar and vector L? spaces.

de Rham complexes. The operators in (2.3) are not ad hoc; they fit together

in a rigid algebra,
curl o grad = 0, divocurl = 0. (2.6)

We therefore work in the Hilbert spaces

H' = {ve*(Q): Vve LX)}, (2.7a)
H(curl) := {v € L*(Q) : curlv € L*(Q)}, (2.7b)
H(div) := {v € L*(Q) : divv € L*(Q)}, (2.7¢)

arranged into the de Rham complex

d .
H! _ B, H(curl) LN H(div) _div 2. (2.82)

3Geometrically, potentials live on nodes, circulations along edges, fluxes across faces, and
densities in volumes; the incidence of these carriers is the discrete shadow of the differential

operators; gradients accumulate along edges, curls around faces, and divergences across volumes.
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The discrete counterpart of the de Rham complex (2.8a) is obtained by choosing
finite—element spaces that preserve the exactness of the continuous sequence. In
three dimensions, this corresponds to assigning degrees of freedom to geometric
entities of the mesh—vertices, edges, faces, and cells—so that each operator acts
locally between adjacent dimensions. This construction ensures that (2.6) hold

exactly at the discrete level.

Figure 2.1: Discrete representation of the de Rham complex (2.8a). Degrees of freedom
correspond to geometric entities of the mesh: scalar potentials at vertices, edge circulations

for H(curl) fields, face fluxes for H(div) fields, and cell integrals for L? quantities.

In 2D, curl is a mapping from scalars to vectors, defined as curlv := (dzqv, —0x10).

Hence, (2.8a) reduces to

ot curl H(div) div 2 (2.8b)

Stokes complexes. Equation 2.8a records that each operator annihilates the last,
yet the existence of a well-defined enstrophy requires higher regularity; we need u to
lie in H'. We therefore make use of a Stokes complex, i.e. a de Rham complex with

enhanced smoothness. While different forms for the Stokes complex exist we use

ad i
H! £, H(grad curl) curl H! div L2, (2.9)
where
H(grad curl) := {V € H(curl) : curlv € Hl} : (2.10)

In 2D, (2.9) reduces to

e curl m div 2 (2.11)

In §3, we choose finite-element subcomplexes with commuting L? projections so

that the Stokes algebra and the required regularity persist at the discrete level.

Boundary conditions. We impose boundary conditions that are intrinsic to the

function spaces we inhabit: not an afterthought, but the boundary traces that let
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the de Rham/Stokes complexes close and that eliminate boundary terms in the

integrations by parts used later. In 3D, we work with the Navier—slip BCs,

curluxn=0, and u-n=0. (2.12)

Here, n denotes the outward—pointing unit normal vector on 02, and t denotes any
unit tangential vector. Equation 2.12 is simply the no—tangential-stress BC

t- (Vu + (Vu)T)n =0 for all tangents t, (2.13)

written in the language of the complex: under u-n = 0 the two BCs satisfy
t-(Vu+Vu')n =t (curlu x n). In 2D, (2.12) reduces to

rotu=0, and u-n=0, (2.14)
where rot u := 0,,us — Op,u; for u = (ug, us).
de Rham complexes with zero BCs. The homogeneous tangential trace
v x n = 0 defines Hy(curl), and u-n = 0 defines Hy(div) as the normal trace

space. Thus, the physics is embedded in the topology of the complex, not added

as external constraints. We define

H) = {UEHI v =_0on 89} (2.15a)
Hy(curl) := {v € H(curl) : v x n = 0 on 90} (2.15b)
Hy(div) := {v € H(div) : v-n =0 on 09} (2.15¢)
Ly = {v cL”: /v = 0 over Q} (2.15d)
Hence, (2.8a) and (2.8b) with zero BCs become
d .
a2 (eurl) L Hy(div) — Y 72 (2.16a)
H i) — Y g2 (2.16b)

Stokes complexes with zero BCs. Stokes complexes (2.9) and (2.11) with

zero BCs turn into

rad :
H; o, H(grad curl) N Hy(curl) % H' N Hy(div) L) L2, (2.17a)
H?nN H& Lﬂ> H!'N H(div) L) ng (2.17b)

in 3D and 2D, respectively. Exactness of (2.9)—(2.11), on contractible Lipschitz
domains 2 with (2.12)—(2.14), eliminates harmonic fields and underpins §3-§4;

we state it next.
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Lemma 2.2 (Exactness of the Stokes Complex). The stokes complex with zero

homogeneous traces (2.17a) is exact over contractible Lipschitz domain Q.

Proof. To prove exactness it suffices to verify at each node that R(d,_1) = N(d,).
The following follows standard arguments; see Girault & Raviart [GR12].

Step 1. Node 1: N (grad) = {0}

N (grad) C {0}: {0} C N (grad):
If « € H} () and Va = 0, then o is | Trivially, 0 € Hj(Q2) and VO = 0.
constant in €; the homogeneous trace | Thus {0} C N (V).

gives alspg = 0, hence a = 0.

Step 2. Node 2: R(grad) = N (curl)

R(grad) C N (curl): R(grad) 2 N (curl):

For a € H}(Q)), v = Va satisfies If v € H(curl®) N Hy(curl) and
curlv = curl(Va) = 0, hence curl v = 0, contractibility yields

v € N(curl). v = Va for some o € H*(Q). The

trace v x n = 0 forces a|sq to be
constant; subtracting that constant
gives @ € H}(Q) with Va = v.

Step 3. Node 3: R(curl) = N (div)

R(curl) C N (div): R(curl) 2 N(div):

For any w € H(curl®) N Hy(curl), If u € H N Hy(div) with divu =0,
div(curl w) = 0; hence then (de Rham) 3w € Hy(curl) such
curlw € NV (div). that u = curl w. Elliptic regularity

(Girault-Raviart, Thm. 3.9) yields
w € H*(Q) C H(curl®), so indeed
u € R(curl).
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Step 4. Last node: R(div) = L3(2)

R(div) C L3(Q): R(div) D L3(Q):
If u € H' N Hy(div), then Given f € L3(Q), solve the Neumann
divu = u-n = 0; hence problem —Aa = f with 0,a = 0. By
divu € Lg(f%z. Grisvard (Thm. 3.1.3), a € H?. Then
u=Va e H*Q) C H' NHy(div)
and divu = f.

[]

Remark 2.3 (Elliptic Regularity). The need for C*'—boundary reqularity is
sharp for the elliptic systems in Steps 3-4:

i) Step 3 (w—regqularity): The system curl(curlw) = g with w x n = 0 and
curlw x n = 0 is elliptic when Q € C*'. The H*-regularity follows
from the Agmon—Douglis—Nirenberg theory for nonhomogeneous boundary
conditions (Girault & Raviart [GR12, Thm. 3.9]).

i) Step 4 (a—reqularity): The Neumann problem —Aa = f, O, = 0 is
uniformly elliptic. The H3-reqularity requires 092 € C*! to control third
derivatives near the boundary (Girault & Raviart [GR12, Thm. 3.1.3]).

Weaker boundaries (e.g., Lipschitz) would yield only H'™* (s < ), breaking the

complex.

Remark 2.4 (On topology and exactness). Under Assumption 7?7, the domain 2
is contractible, so its de Rham cohomology is trivial: equivalently H%; (Q) =0
for k > 1. In particular, there are mo montrivial harmonic fields, and the
de Rham/Stokes complexes with the homogeneous traces are exact. That is,
curl—free fields with vanishing tangential trace are gradients, div—free fields with
vanishing normal trace are curls, and there are no nontrivial harmonic fields.

The extension to nontrivial topologies is deferred to future work.
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Quantities of interest. Integral equalities of interest in studying the evolution

and structure of the flow in this work are defined as:

1
Energy: K := 5”11”2, (2.18a)
1
Helicity :  H := i(u, curlu), (2.18b)
1
Enstrophy : & := §||Vu||2, (2.18¢)

1
Palinstrophy : P := §|| curl wl?. (2.18d)
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In this chapter, our objective is to construct an integrator that dissipates energy
correctly and yields the appropriate enstrophy behaviour on under-resolved meshes,
while remaining implementable in standard FE technology. We begin with a brief
review of the current energy— and enstrophy—stable integrators to position the
contribution. We then present the AV-FEEC framework and the finite—element
complex choices used in the construction. The chapter closes with the proofs of

the discrete energy and enstrophy properties we desire.
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3.1 Related literature

This brief review isolates the key precedents and locates our contribution among

them. We emphasise what we adopt, what we adapt, and what we choose to avoid.

3.1.1 Energy— & enstrophy—stable integrators

Mixed stream function—vorticity discretisations for the incompressible Navier—Stokes
equations were first introduced by Liu & E [LE01] in both two and three dimensions.
In 2D, this formulation has since been extensively analysed i.e. the convergence
study using non-conforming elements by Liu & Shu [L.S00], or the more recent review
by Cotter [Cot23, Sec. 7.2]; which presents an equivalent reparametrisation to the
dual-field velocity—vorticity discretisation proposed by Palha & Gerritsma [PG17].
The finite element spaces used in their constructions are likewise required to satisfy
the complex relations discussed in §2. This latter dual-field discretisation was later
extended by Zhang et al. [Zha+24] to accommodate general boundary conditions,
who also provided an analysis of its structure—preserving properties—mass, energy,
enstrophy, and vorticity—and adopted the acronym MEEVC to reflect these. No-
tably, the MEEVC scheme dissipates an auxiliary enstrophy &(w) := $l|lwl?, whereas
our 2D integrator (3.7) preserves enstrophy on the primal variable £(u) := || rot u/|2.
We further compare these notions of auxiliary and primal enstrophy preservation in
§3.3.3. Zhang et al. [Zha+24, Sec. 5.2] also report stabilisation of their scheme on
under—resolved meshes, demonstrated by the roll-up of a shear layer at Re = oo;

against which we compare our 2D integrator in §5.1.

In 3D, Hanot [Han23] recently proposed a one-stage mixed velocity—vorticity
integrator, which, in 2D, is equivalent to a reparametrisation of the MEEVC scheme.
The distinction lies in the definition of the vorticity field: in our formulation
(3.5), w is obtained as the H(curl)—projection of curlu, whereas Hanot defines

this projection in the L? sense.

3.1.2 GNI via auxiliary variables

We now introduce the auxiliary framework of Andrews & Farrell [AF25], which
forms the foundation for the energy— and enstrophy—preserving integrator developed
in §3.2. For a full detour please refer to [AF25].
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Framework (A-F)

A. Choose ansatz. Pick a finite-dimensional spatial trial/test space U and
time—shape spaces (polynomials on each timestep); pose the semidiscrete
problem

M (u;a,v) = F(u;v) Vv e U.

B. Fix timestep template. Select a sign—preserving time operator Z,
(e.g. a positive quadrature) and restrict unknowns and tests to the chosen
time—polynomial spaces to obtain the discrete timestep problem.

C. Identify associated tests. For each quantity (), to be conserved/dissi-
pated, find the associated test w,(u) satisfying

Q. (u;v) = M(u;v,wy(u)) Vo eU.

D. Introduce auziliary variables (AVs). For each p define w, in the
discrete test space by the AV—projection (a Riesz—type solve in time):

7, {M(u;v,@p)} :/T @, (u;v) dt Vo (discrete tests).

E. Modify the RHS. Replace occurrences of the formal tests w,(u) in F'
by the computable AVs w,, choosing the modified F' so that (i) it is linear
in the test argument, (ii) it is consistent when w, = wy,(u), and (iii) it has
the prescribed sign when evaluated at the AVs.

F. Solve the coupled step € recover one-step balance. Solve the discrete
system for v and the AVs {w,}. By construction

Qpltuns1) = Qpun) = Lo F'(u, {ie}; @),
so each @), is conserved or dissipated according to the sign imposed in
Step E (up to quadrature/solver error).

3.2 Structure—preserving discretisation

We construct a FEEC—compatible AV semi-discretisation following §3.1.2. As a
baseline, we recall the structure—preserving formulation of Palha & Gerritsma [PG17],
which starts from the Lamb form (2.3) and introduces the vorticity as an auxiliary
unknown w := curlu. Using the vector identity Au = V(divu) — curl(curl u);
the viscous term may be left as Au or, under incompressibility divu = 0, recast

as Au = — curlw. This yields the strong form
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1
ﬁ:uxw—Vp—l—ﬁAu, (3.1a)
0 =divu, (3.1b)
w=curlu. (3.1c)

While this scheme is not an instance of the AV framework by Andrews & Farrell

[AF25]—the discrete vorticity w therein is not a projection of a function of the
discrete velocity u, but evolves according to its own coupled equation—we note that
the spaces occupied by w, u, and the pressure p are required to satisfy the same FE
complex relations as those identified in §2. To place w in the divergence—free space
of the de Rham/Stokes complex and avoid second derivatives of u, we reconstruct w
via a constrained vector Poisson problem (a discrete Leray projection): seek (w,0)
such that Aw — V6 = A(curlu) and divw = 0 (with the usual homogeneous traces).
This amounts to projecting curl u onto A/ (div) and is well posed; on smooth fields

the constraints force w = curlu exactly.

1
u=uxw-—Vp+ %Au, (3.2a)
0= divu, (3.2b)
Aw — VO=A(curlu), (3.2¢)
0=div w. (3.2d)

We next factor the Laplacian through the complex, A = grad div — curl®>. Under
the constraints divu = divw = 0, this reduces to A = — curl® in both (3.2a) and
(3.2¢), thereby expressing viscosity through a curl-curl operator on u and producing
the coupled identity curl®u = curl®>w + V#. The resulting strong system (3.3)
is algebraically equivalent to the Navier-Stokes equations, but aligned with the
FEEC complex, preserving skew—symmetry of advection and paving the way for the

discrete energy (and, in two dimensions, enstrophy) balances established in §3.3.

1 .
u=uxw-—Vp-— gcurlzu, (3.3a)
0 = divu, (3.3b)
curl’u = curl’w + V4, (3.3¢)
0 = divw. (3.3d)

We next pass (3.3) to an L?*~weak formulation over FEEC-compatible spaces

(the discrete Stokes complexes), which yields the structure—preserving semidis-

cretisations below.
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Structure—preserving semidiscretisations

In three spatial dimensions, and using FEEC—compatible spaces forming the discrete

Stokes complex

rad i

H} e, H (curl®) N Hy(curl) Lrh H' N Hy(div) L L2
J J J l (3.4)

Q grad v curl v div 0

we seek (u,p,w,0) € Vx Q x V x Q such that
1

(0,v) = (u X w,Vv) + (p,divv) — ﬁ(curlw,v), (3.5a)
0 = (divu,q), (3.5b)
(curlw, curl x) = (Curlu, curl® X) + (V0, x), (3.5¢)
0= (w,Vn), (3.5d)

forall (v,q,x,n) € VxQxVxQ. In two dimensions, with a discrete Stokes complex

2 H — A ) —
J J J (3.6)

1 hd di hd

U cur v 1v Q

we seek (u,p,w) € V x Q x U such that

(,v) = (wuy,v) + (p,divv) — Rle(curlw,v), (3.7a)
0 = (divu,q), (3.7b)
(Vw,Vx) = —(rotu, Ay), (3.7¢)

for all (v,q,x) € Vx Q x U.

3.3 Structure—preserving properties

Next, in §3.3.1, we establish energy stability in 3D (Theorem 3.1) and 2D (Corol-
lary 3.3). In §3.3.2, Theorem 3.5 (3D) and Corollary 3.7 (2D) establish enstrophy
stability. Taken together, these results show that the integrator (3.5)—(3.7), derived
from the framework of §3.1.2, is both energy— and enstrophy—stable.
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3.3.1 Energy stability

The first structure we consider in the incompressible NS integrator (3.5)—(3.7) is
the dissipation (or conservation) of energy K = 1|lul|?, where u is the velocity and
|-l = |||l 22y denotes the L* norm. This is widely regarded as the most fundamental
structure within the Navier—Stokes equations, and is crucial to their analysis (see
Temam & Chorin [TC78] and Girault & Raviart [GR12]); the preservation of energy
stability, i.e. constructing schemes that preserve the conservation (or dissipation) of
energy discretely, is consequently necessary for the design of well-posed numerical

integrators; related work is reviewed in §1.1.1.

Theorem 3.1 (Energy stability of the incompressible NS integrator). When
integrating in time using a Gauss method, the incompressible NS integrator (3.5)
is enerqy stable, with the discrete analogue of the following dissipation relation
(3.8) holding across each timestep T,,:

K = —éechrluHQ (< 0) (3.8)

Proof. Energy stability follows by testing (3.5) against (v,q,x) = (u,p,¢) €
V x Q x V, where 9p € V is a vector potential with curlyp = u (unique up to

gradients); see Remark 3.2. First, test (3.5a) against v = u:

1
(1,u) = (u X w,u) + (p,divu) — Re (curlw, u). (3.9)
e
The triple product is skew, so (u x w,u) = 0. Using (3.5b) with ¢ = p gives
(divu,p) = 0. Hence

(0,u) = —Pi (curlw, u). (3.10)

grad )
Hj —— H(curl®) N Ho(curl)

J (3.11)

E ((g grad

By Lemma 2.2 (curl(grad %) = ),

(curlw, curl V) = (curlu, curl® V) +(V0, Vo) = ||[VO||> — VO =0. (3.12)
=0 =0
Next, set x = 4 in (3.5¢). Using curltp = u and VO = 0,

With 8 € H}(Q), x = VO € V; see (3.11).
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(curlw, curly) = (curlu,curlu). (3.13)
Thus, (3.10) with (0, u)=3-L||ul|? gives the correct H(curl}-seminorm dissipation
£ = —p-(urlu curlw) =~ curlul? (3.14)
= ——(curlu,curlu) = ——|| curlu|®. :
Relcutlu, cur Rl cur

]

In the Euler limit Re = 0o, Equation 3.8 reduces to K = 0, i.e. the discrete

energy is conserved.

Remark 3.2 (Existence and uniqueness of a stream function ). We justify
the existence of ¥ € V such that curlyp = u as follows:
Set p = divu in (3.5b); this gives (divu,divu) = 0, hence divu = 0.

J J (3.15)
I hd div DA

________________________

On a contractible domain and under exactness of the discrete Stokes complex
(Lemma 2.2), N'(div) = R(curl), there exists ¥ € V with curly = u.

____________________________________

H(curl?) A Hy(ewrl) ~5 H! A Hy (div)

J J (3.16)

____________________________________

Moreover N (curl) = R(grad), so v is determined modulo gradients (equivalently,
it is unique in the quotient V/R(grad)). To fiz a canonical representative, impose
the gradient-orthogonality (coexact) condition (v, Vq) =0 for all q € Q, which

selects a unique v in the affine class ¥ + R(grad). (Alternative normalisations

such as divip = 0 may be used, depending on the BCs.)

Corollary 3.3 (2D Energy stability). In 2D, recalling rot u := 0,,us — Oy, u1
and curl ¢ := (0p,0, =0y, 0); the 2D scheme (3.7) satisfies

. 1 9
K e | rot u||* (<0) (3.17)

Proof. In 2D, rot : H* — L? (vector — scalar) and curl : H*> — H! (scalar — vector).

The proof repeats the verbatim in Theorem 3.1, with curl replaced by rot when
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acting on a vector field, and by the 2D curl when acting on a vector potential 1.
Analogous to Remark 3.2, we prove the existence of a scalar stream function

using Lemma 2.2.

(i) Test (3.7a) with ¢ = div u; admissibility of this choice follows from the 2D Stokes
subcomplex (3.18). One gets divu = 0.

___________________________

[ . 1
'H' N Hy(div) AV |
5 J J | (3.18)
I + di R
V0

(ii) Lemma 2.2 yields A/(div) = R(curl). Since divu = 0, there exists » € H*N H;
with curl ¢ = u; see (3.19).

_____________________________

| H>N H} curl | B A Hy (div) |
5 J J | (3.19)
E U curl v E

Since ¢ € H}, the only admissible constant is 0, therefore 1 is unique (with other

BCs one gets uniqueness modulo constants).

(777) With divu = 0 and u = curl ¢, the algebra in Theorem 3.1 carries over: the
convective term is L?-skew, since (wu,,u) = 0. The pressure term vanishes by (i),

and the viscosity gives

1 1 1 2
K= ~TRe (curlw,u) = “Re (rot u,rot u) = T || rot ul|*. (3.20)

O

The energy balance (3.8) now yields the a priori energy estimates stated in
Lemma 3.4.

Lemma 3.4 (A priori estimates from energy stability). Under Assumption 2.1,
if (3.8) holds, then for every T > 0,

o Re
swp[ul” < @, [T Ival? < @ 320
>0 0
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Proof. Integrate (3.8) on [0,t] to obtain the exact balance

1 gt
K(t) + / lcurlu(s)|2ds = K(0), (3.22a)
eJo

K(t)>0 T Re
= sup|fu® < [[u(0)|*, /0 fewlulPdt < == Ju(O)[*.  (3.22b)
Under Assumption 2.1 the standard identity [|[Vul|[? = || curlul|? + || div u|* holds,
and with divu = 0 this gives || curlu|| = ||[Vul|. Substituting yields the second
estimate in (3.21). The bounds in (1.2) follow by letting 7" — oo. O

As previously discussed in §1.1.2; the second estimate in (3.21) scales with Re. On
finite-dimensional spaces, norm equivalence already lifts the L? bound to an H*
bound up to a mesh-dependent constant; thus, unless the Re-dependent factor is
small, the estimate does not meaningfully constrain ||Vul|. In particular, for under—
resolved regimes (h*Re>>1) the bound becomes ineffective, and spurious oscillations

can appear in simulations of H'-conforming discretisations; see Figure 5.3.

3.3.2 Enstrophy stability

Energy stability alone does not provide a robust H! control at high Re (cf.
Lemma 3.4). To obtain an Re-independent bound on |[Vul| in two dimensions,
we turn to the enstrophy structure. In this subsection we establish the enstrophy
evolution law for the 3D scheme (Theorem 3.5) and its 2D dissipative corollary

(Corollary 3.7), and then derive the associated a priori estimates for ||Vu| and ||Aul]|.

Theorem 3.5 (Enstrophy stability of the incompressible NS integrator). When
integrating in time using a Gauss method, the incompressible NS integrator (3.5)
is enstrophy stable, with the discrete analogue of the following relation holding

across each timestep Ty, = [tn, tni1]:

. 1
£ = (uxw,curlw) — ﬂ” curl w|?. (3.23)

Proof. To derive enstrophy stability, we test (3.5) against (v, x) = (curlw, ) €
V x V. First, set x = V0 in (3.5¢). By Lemma 2.2, curl(grad*) = 0 and
curl®(grad ) = 0; we obtain V@ = 0; exactly as in Equation 3.12. Subsequently,
take x = w in (3.5¢):

| curl w||* = (curlu, curl® w). (3.24)

Next, set v = curlw in (3.5a). This choice is admissible because curlw € V; see

(3.16). Using div(curlw) = 0 the pressure term drops out and we get

1
(0, curlw) = (u X w, curlw) — R—H curl wl|?. (3.25)
e
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Lastly, set x = 4 in (3.5¢). With V6 = 0,

(curlw, curl ¥) = (curl u, curl® ¥). (3.26)
Differentiating curl¢p = u in time gives curlep = 1; hence (3.26) yields

(curlw,w1) = (curlu, curla) = £. (3.27)

%%H curl ul|2

Combining (3.25) and (3.27) gives
. 1
€= (uxw,curlw) — %H curl w||?. (3.28)

]

One may rewrite Equation 3.28. Using curlw = curl(curlu) = V(divu) — Au =
—Au (since divu = 0), the boundary traces (2.12), and standard identities such as
(axb)-c = a-(bxc) together with w x (curl w) = V(%\w?) —(w-V)w, one finds that

(u X w,curlw) = —/ u- (w-V)wdx.
Q
Inserting this identity and || curlw||? = ||Au|? into (3.28) gives

. 1 9
&= —/Qu (w-V)wdx — ﬁﬂAuH . (3.29)

Remark 3.6 (Geometric interpretation of the convective contribution). Denote
w = curlu and decompose it as w = |w| & on the set {|w| > 0}, with £ = w/|w|
the unit vortex—line direction. The integrand u - (w - V)w in (3.29) can be
rewritten using

(W V)w = [w|* (£ V)€ + |w| (€ V|w]) & (3.30)

—_—

Kk = (&-V)E is the curvature of the vortez—line field: it measures how rapidly
the unit direction & turns along itself and thus encodes the bending and tilting of
vortez lines. When & is spatially constant (straight vortex lines), this curvature
vanishes and the convective contribution to (3.29) disappears. In general, the
term |wl|? (& - V)& captures the effect of vortex-line curvature, while the second
term |w| (€ - V|w|) & accounts for changes in the vorticity magnitude along the
lines. Enstrophy can thus increase or decrease depending on how the flow u
aligns with these curvature and stretching effects: curved vortex lines tend to
destabilise enstrophy, whereas dissipative mechanisms progressively straighten

and smooth the vortex field; we show this numerically in §5.5.

Kk = %: Frenet—Serret curvature when restricted to a single line with radius R.
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Corollary 3.7 (2D Enstrophy stability). In 2D, vortex stretching is absent.
With u; = (uz,—wy), curlw = Vw x k = (O,w, —0,w), and (for diva = 0)
curlw = —Au (via the 8D embedding); one obtains enstrophy dissipation given

by the H?-seminorm:

. 1
= ——||Aul]®. 31
& Re|| u| (3.31)

Proof. There are two equivalent ways to show (3.31).
i) An algebraic proof: recall u; := (ug, —u;) and curlw := (Oyw, —0,w). Then

(u X w,curlw) = / (u x wk) - (Oyw, O,w,0) dx = / wuy - (curlw) dx
Q Q

(3.32)
:/wu-dex:%/ u- V(w?)dx =0,
Q Q

where (%) uses (ug, uz,0) x (0,0,w) = w(ug, —uy,0). The last line follows from
the identity u, - curlw = u - Vw, incompressibility divu = 0, and the standing
BCs (u-n = 0). With curlw = —Au, (3.28) reduces to (3.31).

it) Next, in line with Remark 3.6; write w := wk and & := k, therefore (£-V) = 0,,
K = (£-V)§ = 0, and 0.|w| = 0. Using (3.30) and u-£& = 0, we obtain
u - (w-V)w = 0 pointwise. Hence the convective term in (3.28) vanishes. With
curlw = Vw x k and divu = 0 giving curlw = —Au, (3.28) reduces to (3.31). In
short, the vortex lines are straight; thus, the convective contribution disappears,

and only dissipation remains.

]

Equation 3.31 clearly implies discrete enstrophy conservation in the inviscid limit
Re — oo. Furthermore, The 2D enstrophy balance (3.31) yields the a priori

estimates announced in §1.1.2.

Lemma 3.8 (A priori estimates from enstrophy stability). Under Assump-
tion 2.1 in d =2, if (3.31) holds, then for every T > 0,

0 Re
StggHVuH2 < [[Vu(0)|1%, /0 [Au|* < 7“VH(0)H2- (3.33)

Proof. Similar to Lemma 3.4, integrate (3.31) on [0, ¢]:

1 rt 2,
Et) + 5o /0 |Au(s)||? ds = £(0), (3.34a)
£(t)>0 T Re
— SHP]HVHHQSHVU(O)HQ, /0 HAU(t)HthSTHVH(O)HQ- (3.34b)

te[0,T

Last line follows from £(0) = £||Vu(0)||?; and Equation 3.33 results upon T'—o0. [
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Thus, enstrophy stability supplies the Re-robust H! control that energy stability
alone cannot provide, together with an H?-in-time bound scaled by the Reynolds
number Re. This mechanism underlies the improved robustness of our integrator

on under-resolved 2D meshes; we document the effect numerically in §5.

3.3.3 What exactly is being dissipated?

With the energy and enstrophy balances established in §3.3.1-§3.3.2, we now ask
what the scheme is actually dissipating in practice, and how this choice compares
with the dual-field velocity—vorticity discretisations prominent in the literature; see

§3.1.1. This discussion also prepares the ground for the numerical comparison in §5.

A mixed velocity—vorticity formulation. Equation 3.35 in two dimensions”

yields the mixed velocity—vorticity form

1
u=uxwk—Vp-— e curl w, (3.35a)
0= divu, (3.35h)
w = rot u. (3.35¢)

We pass (3.35) to an L?-based weak formulation in FEEC-compatible spaces; in

2D with a discrete de Rham complex of reduced regularity,

curl Ho (div) div Lg

Hy
J J (3.36)

I P
Ucurvlv@

we seek (u,w,p) € V x U x Q such that

(1,v) = (wk x 0,v) — (p,divy) — Pie(curlw,v), (3.37a)
0 = (divu,q), (3.37b)
(w,x) = (rotu, ). (3.37¢)

for all (v,x,q) € V x U x Q. Up to notation, the weak form (3.37) is precisely the
MEEVC formulation [PG17; Zha+24] discussed in §3.2. Under Assumption 2.1,
the classical L? balances follow directly from (3.37): testing (3.37a) with v = u
recovers the energy law, identical to (3.8); while in two dimensions, testing (3.37a)

with v = curlw gives the enstrophy relation (3.38).

2The study is carried out in two dimensions, where enstrophy has direct physical relevance.
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1d
2dt

1d
2dt

1
I* lwll* = =g lleurlw]” (3.38)

I,

|| L
u ——||W
Re

Primal vs. auxiliary dissipation. Our AV-FEEC scheme (3.5)—(3.7) dissipates
enstrophy in the primal variable 1 || curlul|? (cf. §3.3.2), whereas MEEVC formu-
lations emphasise dissipation of the auziliary enstrophy i[|w||?. Do these lead to

different stabilising effects, or are they merely two faces of the same coin?

Proposition 3.9 (Equivalence of the two enstrophy dissipated functionals).
Since div(curlu) = 0 and curlu € L?, the field curlu belongs to H(div). Thus,
if in (3.38) we set w := curlu, then (3.38) looks exactly the same as (3.31); in

both cases the stabilisation is the norm of
%HwH%Q(Q) = %H CurluH%Q(Q)' (3.39)

Howewver, despite this equivalence in norms, there is a fundamental difference in
the admissible space: (3.38) insists on defining w as the curl of an H' finite—
element function u, whereas (3.31) only requires w to be an H(div)-conforming
approzimation. In particular, as long as u is drawn from an H' finite—element

subspace, the two are essentially the same; the only distinction is that (3.31)

does not require w to be of the form curlu.

In short, the dissipated functionals agree jl|w||72 )= 5l curlul|Zs g, while differ-

ences—when present—stem from admissible spaces and domain regularity.

Remark 3.10 (Domain regularity and where a difference may appear). On
domains with smooth boundary or on convex polyhedra, one should not expect a
large difference between the two forms of stabilisation. On nonconvex polyhedra,
however, the set {v € [L?(Q)]?: v € H(curl) N H(div)} is strictly larger than
[HY)4: for example, Mazwell solutions may lie in H(curl) N H(div) without
belonging to H'. In such a case, an H'-conforming sequence u cannot converge
to a limit outside H', whereas an H(div)-conforming w can still approzimate the
target; in this sense (3.31) is a priori more general than (3.38). By the Gaffney—
Friedrichs result [Gaf55], [H}? = Hy(curl) N Hy(div) with equivalent norms
on smooth or convex polyhedral domains, but this equality fails on nonconvex
polyhedra (Costabel & Dauge [CDO0]). We therefore do not propose any rigorous
global ordering of the two approaches; any advantage is likely domain— and
problem—dependent. Numerical experiments could confirm this; yet such domains

lie outside our present setting (see §4.1.1).
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We return to this comparison in §5, where side-by—side experiments on under—
resolved meshes quantify the stabilisation afforded by each scheme and show a
practical distinction, with our discretisation achieving exact enstrophy conservation
in contrast to the MEEVC scheme.



“We shape our tools and thereafter our tools shape us.”

— Marshall McLuhan

Implementation
Contents
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4.3 Conforming Workaround . . . ... ... ... ...... 38

The aim of this chapter is pragmatic: to turn the structure—preserving formulations
(3.5)—(3.7) of §3 into executable solvers. The difficulty is architectural rather than
algebraic: the semi-discrete schemes that conserve (or dissipate, for finite Re) the
relevant quantities of interest are most naturally posed on enhanced regularity
FE complexes—discrete Stokes complexes—that are rarely available off the shelf
in mainstream FE software. We therefore develop two implementation routes
that retain the energy—enstrophy structure proved in §3 while respecting current
software limitations. Section 4.1 highlights practical limitations (with Firedrake as
a running example). Section 4.3 then builds a conforming workaround in 3D and 2D
and tracks its inherited stability properties, and §4.2 presents an interior—penalty
alternative together with the associated broken energy-enstrophy identities. This

closes the gap between analysis and the numerical study in §5.

38
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4.1 Related literature

The conforming schemes derived in §3 presuppose knowledge of—and access to—FE
Stokes complexes. We now turn to a brisk tour of the toolchain: which discrete
finite—element spaces exist off the shelf, which do not, and how these facts shape

our implementation path.

4.1.1 Firedrake limitations

This work was implemented in Firedrake [Ham-23], which is widely adopted within
the Oxford finite—element community, enabling collaboration and support during this
study. In Firedrake and other publicly available FE software—i.e. Get FEM++ [RP20],
FreeFEM++ [Hecl2] and FEniCS [Aln+15]—standard de Rham complexes with
H'/H(curl) /H(div) conformity are widely available, whereas enhanced-regularity
Stokes complexes (e.g. H(curl®) N Hy(curl) and H' N Hy(div) in 3D, or H? in 2D)
are not currently exposed as native elements. As a consequence, direct assembly of
(3.5)—(3.7) is impractical. This motivates the interior—penalty alternative in §4.2 and
the conforming workaround in §4.3, both designed to preserve the energy—enstrophy

structure within the available spaces.

2D The Scott—Vogelius (SV) [SV85a; SV85b] complex (as considered in §3) takes U
to be the Morgan—Scott (MS) [MS75] space, which is not implemented in mainstream
FE software. Over Alfeld—split [Alf84] (or barycentrically refined; see Figure 4.1)
meshes, the MS space becomes the Hsieh—Clough—Tocher (HCT) [CT65] space;
the HCT space, on the other hand, is relatively well-supported, e.g. in Firedrake
through FIAT (see Brubeck & Kirby [BK25]).

Figure 4.1: Comparison between the standard mesh (left) and the Alfeld—split
(barycentrically refined) mesh (right) used in this work.



4. Implementation 35

3D Finite element (FE) Stokes complexes in three dimensions remain relatively
rare. The first FE Stokes complexes on general tetrahedral meshes were introduced
by Neilan [Neil5] and were later extended by Chen & Huang [CH24] to de Rham
complexes of arbitrary smoothness. For such complexes on Alfeld—split meshes, see
Fu, Guzman & Neilan [FGN20] and Hu, Zhang & Zhang [HZZ22]. The Guzmén-
Neilan [GN18] H'-conforming element—used in certain such complexes on Alfeld
splits—is available in Firedrake; however, to the best of our knowledge, none of
the proposed H(grad curl)- or H(curl?)-conforming spaces are currently supported

in any publicly available FE software.

For biharmonic—type equations, Ainsworth & Parker [AP24a; AP24b] introduce
reparametrised systems that allow one to employ H?-conforming scalar FEs in
effect, while implementing only elements with at most H' conformity. Our schemes

(3.5)—(3.7) closely mirror—and are strongly inspired by—their construction.

4.2 Nonconforming interior—penalty formulation

In what follows, we assume access only to a discrete de Rham complex; see (4.1)
(cd. Figure 2.1). Hence, u € Hy(div) but not necessarily in H(curl) (cf. (3.5)).
The divergence—free constraint is therefore standard (3.5b), but the H(curl) pairing
(curlu, curl® ) that appears in (3.5¢) is not well defined; curlu ¢ L? a priori.
To understand the source of the difficulty—and how it is addressed—it helps
to recall why H(div) enforces weak normal continuity, whereas H(curl) enforces

weak tangential continuity.

rad i
2 Hy(ewrd) — (i) — I

(g N g l l (4.1)

curl = div —
Definition 4.1 (Mesh notation, jumps, averages, and penalty). We fix mesh and

\Y Q

facet notations used throughout the interior—penalty construction (cf. [EG21a,
Chap. 18]).

i) Let T be a shape-reqular mesh with cells IC and facets F. For each interior

facet F = 0K, NOK_ € F, let ny denote the outward unit normals on

K. In 2D, unit tangents t+ are obtained by rotating ny clockwise by /2.
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it) Local mesh sizes on either side of F' are hy and the facet-averaged size is
hp = 5(hy +h_).

ii1) Let uy denote the value of a discontinuous vector field on either side
of F. We define the following jump operators: [u]* := u, —u_ and
[uxn]:=u; xn, +u_ xn_. And let the arithmetic average across F
be {{u}} = 2wy +u).

H(div) and H(curl) conformity

In H(div) we only have L? bulk regularity, so pointwise traces need not
exist. Elementwise Green’s formula makes this precise: for any ¢ € H'(2)
and any mesh 7 with interior faces Fiy,

> [uve=—¥ [(divu)o

KeT KeT (4 2)

+ Z <[[u-n]], ¢>F + </7n(u)> ¢>BQ
Fe]:int
Here [u-n] € H~'2(F) is the normal-flux jump on F = 9K, NIK_.
Thus, if the jump is nonzero, the divergence acts on test functions as

(divu, ¢) = /di)dx + ZFj/F[[u-n]]gz)ds, (4.3)

i.e. it contains a surface distribution [u-n] §r supported on F' (a measure
on the face), which is not an L? function. To keep divu € L? (hence exact
local conservation), we require weak continuity of the normal component:
the two elementwise normal traces coincide in the trace space H~Y/2(F),

(g, m) = (uli,'n), ¢) =0  VoeH(F) (4.4)

Here H~'/?(F) is the dual of the boundary trace space H'/?(F) (the trace
of H'), so “weakly continuous” means “equal as functionals on H'/2(F),”
not pointwise. The normal-trace map 7, : H(div) — H~Y2(99) is
bounded and weakly continuous, so this property is preserved under weak
limits.

Everything above has a curl—twin: replace “normal flux” by tangential
trace and “div” by curl. Concretely, to keep curlu € L? one requires
weak tangential continuity across each interior face F': the elementwise
tangential traces coincide in the trace space,

(Inxu], ¢) =0 Voe[HF), (4.5)

i.e. v (ulx,) = v (ulk,) in [H-Y2(F)]?. Otherwise curl u acquires a surface
distribution supported on F' (the curl-analogue of the “surface charge” in

H(div)).
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We now describe how the IPM enforces the missing H(curl) conformity.
Interior—penalty method (IPM)

In line with Ern & Guermond [EG21a, Ch. 18] [EG21b, Ch. 38], we define
the broken H(curl) bilinear form on V

= > / curlu - curl v + Z/ [[u]] [v]*

Kek FeF (4.6)
— [uxn] - {curlv} — {curlu} - [v x n]]},

where o > 0 denotes the interior—penalty parameter. With C* in hand,
define the broken enstrophy

E*(u) := C*[u,u] >0, (4.7)

and replace the ill-posed (curlu, curl® x) pairing by C*[u, curl xJ; all other
tests and terms remain as in (3.5). Hence, the IP semi-discrete formulation
seeks (u,p,w,0) € Vx Q x V x Q such that

(0,v) = (u X w,v) + (p,divv) — Iie(curlw,v), (4.8a)

0 = (divu,q), (4.8Db)

(curlw, curl x) = C*[u, curl x| + (V#6, x), (4.8¢)
0= (w,Vn), (4.8d)

for all (v,q,x,n) € VxQ x V x Q; with access only to (4.1).
The 2D analogoue of (4.6) defines a broken H(rot) bilinear form on V
with access to (3.36)

Z/rotu rotvdx—i—Z/ vl

Kek FeF (4.9)
— [u-t]{rot v} — {rot u}[[v . t]]}ds.

Accordingly, we replace the ill-defined —(rot u, Ayx) = (rot u, rot(curl y)
pairing with C*[u, curl x]. Therefore, find (u,p,w) € V x Q x U such that

(0,v) = (wuy,v)+ (p,divv) — Pie(curlw,v), (4.10a)
0 = (divu,q), (4.10b)
(Vw, V) = C*[u,curl ], (4.10¢)

for all (v,q,x) € Vx Q x U.
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Remark 4.2 (Penalty tuning in practice). The facet penalty o penalises
interelement tangential trace jumps, thereby weakly enforcing the continuity that
full H(curl) conformity would impose. In the formal limit o — oo these jumps
are driven to zero, although the discrete space itself remains broken. Numerically,
o must be finite: on shape-regular meshes we use the standard scaling o ~ cp?/h
(with local polynomial degree p and facet size h), which secures coercivity of the

broken bilinear form for moderate ¢ while avoiding the ill-conditioning caused

by overly large penalties.

4.3 Conforming Workaround

To motivate our conforming approach, we begin by introducing the key ideas of the
reparametrisation framework from Ainsworth & Parker [AP24a; AP24b].

Biharmonic without C' elements

Let Q@ C R? be a simply connected Lipschitz domain. The weak
formulation of the biharmonic BVP reads:

Find u € HZ(Q) : (Au, Av) = (f,v) Vv € HF (). (4.11)

Standard Galerkin discretisations require H*-conforming (C') FEs. In
line with [AP24a; AP24b], we exploit the exact—sequence isomorphism®

grad: H3(Q)) = {ge€ H' (4 R?) :rotg =0} (4.12)
so that the biharmonic weak form (4.11) can be recast in H'-conforming
spaces via a FEEC-based mixed formulation (4.14). The procedure is:

Step 1: Pre—processing (Poisson solve): Find z € CG® such that
(Vz,Vov) = (f,v) YveCG. (4.13)

Step 2: Mized formulation: Find (g,r) € [CG]* x CG such that
(Vg, Vo) + (rot¢p,r) = (Vz, V) Vo € [CG]?,

4.14
(rotg,s) = 0! Vs € CG. (4.14)

Step 3: Post—processing: Find u € CG such that
(Vu, Vo) = (g, Vv) Vv € CG. (4.15)

Uniqueness of u follows from Poincaré’s inequality on H}(f2). Furthermore,
since g € grad(HCT), the recovered scalar field u coincides with the H?-
conforming Galerkin solution in HCT of (4.11), see Lemma 3.1 of [AP24a].
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“Where rot g := 0,92 — Oyg1 in 2D.
bContinuous Galerkin (CG, a.k.a. Lagrange)
“This enforces rot g = 0, i.e. g lies in the discrete gradient subspace.

This three-step procedure eliminates the need for C'*! basis functions, replacing them
by two second—order Poisson solves and one Stokes—type saddle—point problem, all
posed in H'-conforming FE spaces. This methodology relies on the exactness of
the Stokes complex (2.17b), where N (rot) = R(grad) in H*(Q2; R?) ensures that
solutions g of Step 2 lie in grad(HZ(Q)).

Motivated by the above eliminate excessive reqularity via evact sequences idea, we
now treat the velocity—vorticity Navier—Stokes discretisation (3.5)—(3.7). In 3D, we

introduce an auxiliary field a and enforce e = curl w variationally in (3.5). Find
(0, ), (p,7),w,0) € ¥ x @ x ¥ x © such that?

(0,v) = (u X w,Vv) + (p,divv) — Pie(a,v), (4.16a)

0 = (divu,q), (4.16D)

(a, B) = (curlu, curl B) + (r,div B), (4.16¢)

0= (dive, s), (4.16d)

(curlw, curl x) = (e, curl x) — (V0, x), (4.16¢)
0=—(w,Vn) (4.16f)

for all ((v,B),(q,s),x,n) € ¥ x @2 x V x Q. Here, the FE spaces induce a
discrete de Rham complex of standard reduced regularity*. This is equivalent to

solving (3.5) over the discrete Stokes complex

ad i
H} gr—> H(grad curl) N Hg(curl) Lr1> H' N Hy(div) L

Lg
] [, T
Y grad 1 e di >
QO ——— grad Q@ curl ' T - % S Q

2We represent viscosity by a curl-curl L?-Riesz map for a divergence-free surrogate o and use
exactness to identify a with curlw (cf. (4.14)). Concretely, find (o, ) € Ho(div) x Q such that
(a, B) + (r,div B) = (curlu, curl B) for all 8 € V and (dive,s) = 0 for all s € Q; together with
the coupling (curlw, curl x) = (o, curl x) — (V0, x) for all x € V, exactness ker(div ) = curl(D)
yields av = curl w.

3The strong form of (4.16) recovers the NS equations exactly, with o = curl? u and w = curlu

for an exact solution.

“Where Q € H}, V € Hy(curl), V € Ho(div) and Q € L2.
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where curl ' U maps to the discrete divergencefree space U. Similar to the argument
in §3.3, energy stability follows by testing (4.16) with (v, 8,q) = (u,u,p — é, r);
whereas enstrophy follows by testing (4.16) with (v, 8,s) = (a,u,p). Lastly, Equa-
tion 4.16, in 2D, reduces to the following semidiscretisation: find ((u, &), (p,7),w) €
7 x @2 x U such that

(1,v) = (wur, v) + (p, divv) — Rle(a, v), (4.184)

0 = (divu,q), (4.18Db)

(e, B) = (rot u,rot B) + (r,div B), (4.18c)

0= (dive,s), (4.18d)

(curlw, curl ) = (e, curl x) (4.18¢)

for all ((v,B),(q,s),x) € 7 x @2 x U. Here, the FE spaces induce a two—

dimensional discrete de Rham complex®. This again is equivalent to solving (3.7)

over the following Stokes complex

m2aE — A E ) Y g2
J J J (4.19)

_ curl - di —

curl * U Y v Q

In 2D, to derive energy and enstrophy stability, test (4.18) against (v, ) = (u, u)
and (v,8) = (a,0), respectively.

SWhere U € H}, V € Hy(div) and Q € L2 (cf. (3.36)).



“Beware of bugs in the above code; I have only proved

it correct, not tried it.”

— Donald E. Knuth

Numerical experiments

Contents
51 2D sheartest . . . . . . ¢ i i i i i i i e e e e e e e 41
5.2 2D vortex test . . . . . . i i e e e e e e e e e 45
5.3 3D vortex test . . . . i i i i i e e e e e e e e e e e 48

The apparatus is ready: a conforming Stokes—complex discretisation (4.16)—(4.18),
and a non—conforming interior—penalty counterpart (4.8)—(4.10). We now turn our
attention to certain numerical experiments in this chapter. These probe whether
preserving the continuous algebra at the discrete level translates into any robust

behaviour on under-resolved meshes.

5.1 2D shear test

The principal benefit of enstrophy—stable schemes—namely, an Re-independent
bound on ||Vu|| (cf. Lemma 3.8)—is best demonstrated in flows that excite shear—
driven instabilities. The shear layer test, commonly used in SP literature [PG17;
Zha+24], thus serves as a comprehensive test for long—time stability. As the initial
perturbation amplifies and vortices interact, any imbalance in discrete energy or

enstrophy compounds and exposes drift or blow—up. In the Euler limit Re = oo, a

41
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structure—preserving scheme should conserve the relevant invariants while allowing
physically meaningful instabilities to evolve without artificial damping or numerical
energy growth. Under-resolved simulations often highlight the difference: non-—
mimetic methods may exhibit numerical instabilities, while structure—preserving
schemes are designed to suppress such artefacts. We therefore include the shear
layer test to assess whether our discretisation accurately captures the nonlinear
dynamics over long times while preserving the expected behaviour of energy and
enstrophy. To exercise these properties, we next choose a conforming initial
condition on = (0,1)%
1

Yo(z,y) =0 [lncosh<215> — lncosh(y;?)] — Acos(2mz) sin(2my), (5.1)

such that vy € H* (), ug = rot ¢y € H(div), and wy = rotug € L*(2). Choosing
d = O(h) resolves the interface at mesh scale and A < 1 seeds Kelvin—Helmholtz
roll-up; by construction ¢g|,—01 = 0 and sin(27y) = 0 on y = 0, 1, so the y-Dirichlet
and x—periodic constraints hold exactly at ¢ = 0. This IC (5.1) contains a sharp
velocity gradient (a smoothed step function), so discretisation errors in representing
this gradient immediately show up as vorticity errors. At the shear interface, a
poorly constructed method might result in inaccurate vorticity or Gibbs oscillations.
Such errors can feed back into the momentum equation, leading to unphysical energy

gain or loss of enstrophy; structure—preserving methods are designed to mitigate this.

Assuming the mesh to be quadrilateral, let CG,,2 and DG, denote the continuous
and discontinuous Galerkin spaces of degree p 4+ 2 and p, respectively (see [EG21a]).
The Brezzi-Douglas-Marini space BDM,, [BDMS85] is defined as

BDM,, := [DG,)* N H(div), (5.2)

we note that, for p > 0, this induces a discrete de Rham complex

CGpir —™ , mpme,, — I, pg,, (5.3)

p+1

This complex (5.3) is non—conforming (BDM,, ¢ H(curl)), thus necessitating the
use of our non—conforming IP scheme (4.10). We compare 3 different one-stage

integrators: a classical energy—stable scheme', the comparable MEEVC scheme

!The classical energy-stable discretisation: find (u,p) € V x Q such that

(u,v) = Z /K(rot wk-(uxv)— Z / [u-t]k- ({u}} x {v}) + (p,divv), (5.4a)

Kek rer’F
0 = (divu,q), (5.4b)

for all (v,q) € V x Q.
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of Palha & Gerritsma [PG17], and our non—conforming discretisation (4.10) with
o = 25 and timestep At = 278, Figure 5.1 shows plots of the stream function 1 at
three different times ¢t = {0,2° 22}. At Re = oo, the three discretisations exhibit
different visible onset times of Kelvin—Helmholtz activity. In the classical baseline,
small billows appear along the interface at about t ~ 2° — 273, In the MEEVC run,
comparable features emerge slightly later, at about ¢ ~ 2°+ 272, In our IPM run, no
clear roll-up is seen within the time window ¢ € [0, 2%]; the layer remains essentially

one-dimensional, with only a very slight deformation discernible near ¢ ~ 22.

Proposed scheme MEEVC Classical

Figure 5.1: Comparison of the shear layer across 4 time steps (rows) and three methods
(columns): Proposed scheme, MEEVC, and Classical.

Since we are comparing non—conforming discretisations, there are various notions
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of enstrophy available: the broken enstrophy £*(u) = C*[u,u] is the interior—
penalty (nonconforming) H?-energy of (4.10) and therefore includes facet penalty
contributions in addition to cell-interior terms; the internal enstrophy & (u) =
s Y kek || rotul|? is the purely cell-interior L?~energy of rot u; and the auxiliary
enstrophy & = 3||w]||? refers to the L?—energy of the auxiliary vorticity w preserved
by MEEVC-type formulations.

Figure 5.2a reports the broken (solid lines) and internal (dashed lines) enstrophy of
the primal velocity. Our proposed integrator remains essentially flat at its initial
level in both measures over the full time window. The MEEVC run exhibits a
short start—up rise (coincident with the first visible Kelvin—Helmholtz activity) and
thereafter oscillates about a plateau in both curves. The classical baseline shows
a sharp early spike, quickly reaching a very large amplitude 6 - 10°. Figure 5.2b
illustrates the evolution of the auxiliary enstrophy: both MEEVC and our method
maintain this quantity at a constant level—a result to be expected, since MEEVC

enforces the auxiliary variable to be preserved.

102 103
4 : : I 1.5
: S classical
— MEEVC
=== Our scheme
30 |
I
0.5 1
0 0 2 4 6 8 0 0 2 4 6 8
t t
(a) Broken and internal enstrophy (b) Auxiliary enstrophy

Figure 5.2: Evolution in different forms of the enstrophy for 3 different 1-stage integrators
in the 2D vortex test. In Figure 5.2a the broken £* is plotted with thick lines (upper
curves), while and internal enstrophies is plotted with thin, dashed lines (lower curves);

Figure 5.2b shows the auxiliary enstrophy &(w) :%||w|\2. The legend is shown only in (a).
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5.2 2D vortex test

Next, to further demonstrate the structure-preserving properties (see §3.3) of our
scheme, we look at the evolution of a counter-rotating vortex dipole in a 2D unit
box 2 = (0,1)% at the inviscid limit Re = oo. Similar vortex and Taylor—Green
tests are commonly employed to validate structure—preserving discretisations [PG17;
Zha+24]. To set up the initial condition, we define the Weierstrass elliptic function
©(z) : C — C on the square lattice 27Z + 2iZ as

1 1 1
_ 1 _ 5.5
o) 27 (n%:)e (z —2m —2ni)?2  (2m+ 2ni)?’ (5:5)
Z2\{(0,0)}

truncated to |m|,|n|] < N, with N = 2% in the following runs. Equation 5.5
is a meromorphic’ and doubly periodic function. We fix two distinct centers

z4+ = x4+ + 1y+ and define the stream function

vofay) xR log (=) — p(z)] ~ log (=) — () |
- 2 1og [o(2) — o(=-)] — log [0(2) — 9(=0)] |.

where * denotes the complex conjugate of *, and R : C — R is the real component.

(5.6)

The first bracket places a single vortex at z; (with an image at z7), and the second
places an oppositely signed vortex at z_; the difference realises a counter-rotating
dipole. In our runs we set (z,,yy) = (% —1, %) and (z_,y_) = (%,% — 1), with
Y = % Since log o g is analytic away from the marked points, 1)y is harmonic on
O\{z4, z_}, hence —Avy = 0 (equivalent to (2.14)) on 9. Moreover, by the square—
lattice symmetries of @, the streamlines are tangent to 0€2, so the induced velocity
u = curl ¢y satisfies the no—flux condition u - n = 0 on the boundary. These ICs
(5.5) do not have a well-defined enstrophy, i.e. uy is not H(curl)—conforming. This

ceases to be an issue up to projection onto V x Q: find (ug, pg) € V x Q such that,

(ug,v) = (po, divv) — (¢, rot v), (5.7a)
0 = (divuy, q), (5.7b)

for all (v,q) € V x Q. We scale ug < ug//3|uo||? to normalize the energy. With
u, fixed, we now integrate (4.18) on Q = (0,1)* discretised by an Alfeld-split

triangular mesh, employing the implicit midpoint time step.

2Meromorphic means holomorphic on C\ A with at most isolated poles on A (no essential
singularities). For the Weierstrass g associated with the lattice A = 27+ 2iZ, the poles are exactly

at the lattice points, each of order 2.
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t=0
t=27°
t=20
t =22

Proposed scheme Classical

Figure 5.3: Contour plots of the velocity field u using two different one—stage integrators,
shown at times ¢ = {0,273,20 22}, The color scale ranges from red at ||u|| = 20 to white

at ||ul| = 0. For simulation videos, see [Sha25]; for additional snapshots, see Appendix A.
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The FE spaces CGypy2, CGpy1, and DG, are continuous and discontinous Galerkin
spaces of degree p + 2, p + 1, and p respectively. For p > 0, this induces a

discrete Stokes complex

CGprr — L, 106,02 — Y, DG, (5:8)
For these FE spaces, curl ' U c H? N H} in (4.19) is the Morgan-Scott space
MS [MS75]. For comparison, we run the energy— and enstrophy-stable integrator
(4.18) alongside a classical energy—stable baseline, both at Re = oo; deliberately
under-resolved (so any spurious oscillation is immediately visible). Figure 5.3 shows
snapshots of u at ¢t € {0,273,29 22}, In the structure—preserving run the two vortices
remain compact and nearly axisymmetric throughout, with only weak spiral arms of
vorticity and no discernible grid—scale artefacts. By contrast, the classical baseline
shows small-scale noise and loss of coherence already at ¢t = 273; by t = 2022
the vorticity field exhibits pronounced filamentation and directional smearing.
Taken together, these observations indicate that, on under—resolved meshes, strict
enforcement of energy and enstrophy suppresses aliasing—driven spurious enstrophy
production without ad hoc damping, thereby preserving coherent vortical structures

over long time integrations.

.10°
2
— (lassical
- == QOur scheme
1 [ _
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0 2 4

Figure 5.4: Evolution of enstrophy in the 2D vortex test Figure 5.3.

Figure 5.4 shows the evolution of enstrophy within each of the simulations, up to time
t = 22; we need not plot the energies for each simulation, as each scheme is energy—

stable. The classical, energy—only discretisation exhibits rapid enstrophy growth
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and spurious fine-scale oscillations (see Figure 5.3) associated with the loss of a
meaningful H' bound (see §1.1.2) on coarse meshes, whereas the proposed structure—

preserving scheme maintains enstrophy and therefore avoids these artifacts.

5.3 3D vortex test

The role of enstrophy evolution in 3D remains uncertain, particularly since enstrophy
ceases to be a conserved quantity. As discussed in §1.1.3, it is still unclear whether
preserving its evolution numerically—via (3.28)—has any bearing on the qualitative
behaviour of solutions. To examine this, we conduct a numerical test to assess
whether such preservation offers any tangible benefit. We consider a stationary
Hill spherical vortex [Hil94] with swirling motion [Mof69, Sec.6]. In spherical
coordinates (7,0, ¢), we define the Stokes stream function as

Js2(4nr)

¢(T’ 0, 90) = (4T)3/2
0, r

— J3y2(n)| (rsin 0)%, r< i, (5.9)
1
47

V

where J, denotes the Bessel function of the first kind of order v and 1 ~ 5.76 is the
first positive zero of Js5/,. Up to projection, the initial velocity is the Hill field

@9¢ N a,&ﬂ A 4777,0 R 1
= — < — .
Yraw = o e rsin00+rsin9('o’ (r=< 4)’ (5.10)

where (T, 0, ) denote the spherical unit vectors, and dy, 0, are partial derivatives
with respect to 6 and r, respectively. We form the discrete no—slip, divergence—free
initial condition by the Leray projection [GR12]: find (ug,po) € V x Q such that

(ug,v) — (po,divv) = (Way, V), (5.11a)

(divug, q) = 0. (5.11b)

for all (v,q) € V x Q. Then set ug < ug/ %HUOHQ. With u, fixed by (5.11), we
now integrate the conforming workaround (4.16) on ©Q = (0, 1)3, with an Alfeld-split
tetrahedral mesh. We employ the Scott—Vogelius pair for velocity—pressure (see

Ern & Guermond [EG21a, Sec. 6 & 7]) and curl-conforming Nédélec element of
the second kind [Néd86] for the auxiliary fields:

Q=CG,3, V=Ned), V=[CG,]’>, Q=DG,. (5.12)
These choices realise the discrete stokes complex (cf. (2.9))

rad i
CGpyr — 2 Nedewd — W, 106, — DG, (13)
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We fix the degree p = 3; this ensures divV = Q and inf-sup stability [FMS24]. For
comparison, we run simulations using our three-dimensional conforming scheme
(4.16) alongside a classical one that is solely energy—stable, with timestep At = 2719,
and Reynolds number Re = 216, Figure 5.5 displays cross—sections of streamlines
of the velocity u at selected times, illustrating the evolution of the Hill vortex

under both discretisations.

(a)t=0

(b) (K, &)-preserving; t =275 (c) K-preserving; t =275

Figure 5.5: Cross sections of streamlines of the velocity field u for the Hill vortex at
times t € {0,27°} with Re = 216 and At = 2710,

Figure 5.6 illustrates the numerical behavior predicted by the geometric interpreta-

tion of the convective contribution to enstrophy dynamics, as discussed in Remark 3.6.
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In particular, we compare the enstrophy evolution of a classical H'-conforming
scheme that is solely energy—stable against our proposed integrator (4.16), which
enforces both energy and enstrophy stability. Initially, both methods exhibit rapid
growth in enstrophy, i.e. the vorticity field exhibits tightly curved vortex lines,
resulting in a pronounced convective contribution to the evolution of enstrophy.
As dissipation takes effect, these curved structures gradually relax and straighten,
reducing curvature—driven instabilities. Consequently, the convective term weakens,
and the evolution of enstrophy stabilises. This aligns with the interpretation
that curved vortex lines are energetically less stable: the flow becomes increasingly
regular, and the enstrophy correspondingly more stable. While the term w-Vw does
not measure curvature in the strict sense, its decomposition reveals that alignment
with vortex—line curvature directly affects enstrophy production. The experiment
does not seek new regularity results but probes whether the proposed energy-—
enstrophy discretisation moderates enstrophy growth versus a classical energy—only
H'! scheme; it does, avoiding the large, resolution—dependent amplification seen

for the energy—only method (cf. §1.1.3).

100
15 — Classical ||
’ === Qur scheme
1,
0.5|: B P
0 |

0 0.5 1

t

Figure 5.6: Enstrophy time series for both the classical H!-conforming scheme and our
proposed conforming integrator (4.16). The initial rapid growth reflects tightly curved
vortex lines and strong convective enstrophy production; dissipation then relaxes these

structures and the enstrophy stabilises.



« Le vent se leve ! ... il faut tenter de vivre ! »

“The wind is rising ! ... we must try to live I”

— Paul Valéry, Le Cimetiére marin (1920)

Discussion and Outlook

This work presents the application of auxiliary variables to enforce conservation

laws and dissipation inequalities, as proposed by Andrews & Farrell [AF25], yielding

a mixed velocity—vorticity finite—element integrator for the incompressible Navier—

Stokes equations that preserves, at the discrete level, the continuous balance
1

laws for kinetic energy K(u) = i[|u||? and enstrophy £(u) = ||Vul|* under any

Gauss—Legendre time integration.

In 2D, the enstrophy balance implies an Re-independent H'-bound on the velocity
(cf. Lemma 3.8). Although the construction introduces an auxiliary vorticity w,
the conservation/dissipation statements are enforced directly on the primal field u,
in contrast to MEEVC, where the exact invariant is tied to the auxiliary variable.
This distinction is reflected in the shear layer test (see §5.1), where our integrator
conserves both energy and enstrophy levels throughout the simulation, avoiding
the oscillations and artificial dissipation observed in the classical and MEEVC
runs, thereby exhibiting greater numerical stability on under-resolved meshes at

high Reynolds numbers Re.

In 3D, conforming finite—element spaces required for the discretisation—such as
H(grad curl)—are not generally available in mainstream FE software. To address
this, a conforming variant of the scheme was derived in §4.3, enabling structure—
preserving implementations in both two and three dimensions. As far as we

are aware of, this constitutes the only conforming enstrophy—stable discretisation

51
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implementable on any widely available FEEC software. The integrator was validated
on the Hill vortex problem (see §5.3), designed to examine the behaviour of enstrophy
preservation in the three dimensional setting. In two dimensions, the vortex test
reproduced the expected inviscid dynamics with consistent conservation of energy
and enstrophy. To conclude, and as promised in §1.1.2, the deficiencies illustrated
in Figure 1.1 are now resolved: the vortex maintains its structure, the invariants

are preserved, and the dynamics unfold without artificial dissipation or oscillation.

t=0 t =20 t=21

Re = 2%

Figure 6.1: Snapshots of an energy— and enstrophy-stable scheme for Re = 224 at times
t €{0,2° 21} (cf. Figure 1.1).

In view of these results, several directions appear both natural and feasible. On the
modelling side, extending the discretisation to domains with non—trivial topology
(i.e. an annulus) will require working “modulo cohomology,” i.e. enforcing global
flux/circulation constraints to eliminate discrete harmonic fields, while retaining
the balance laws. Beyond flat domains, the idea naturally extends to Riemannian
manifolds and bundle-valued fields: the balances become metric identities for
differential forms, and the convective terms can be written as Lie derivatives/Poisson
brackets. This opens a route to structure—preserving integrators on curved surfaces
and embedded manifolds, provided metric terms and connections are discretised
with commuting projections. Lastly, in 3D, helicity is a fundamental invariant of
ideal flow. One may try to enforce discrete conservation of helicity along with energy
and enstrophy, thereby probing how preserving vortex—line topology interacts with

enstrophy production in three dimensions.
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[EAE, EFE s, R4

“The Way that can be spoken is not the enduring
Way; the name that can be named is not the enduring

name.”

— Laozi, Tao Te Ching, Chapter 1

2D vortex test

Appendix A presents supplementary visualisations supporting the numerical experi-
ments discussed in §5.2. Figure A.1 illustrate the qualitative behaviour of the flow

fields under different discretisation schemes and parameter regimes.
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t=0 t=2"4 t=2"3 t=2"2

t=2"1 =20 t=21 t=22

Figure A.1: 2D vortex evolution at 8 time steps ¢t = {0,274,273, 272 271 20 21 92}
Top block: proposed (top row) vs. classical (bottom row) for the first 4 time steps; bottom
block: same comparison for the final 4 steps. Square aspect ratio preserved. Colormaps
with matched visual characteristics were chosen to facilitate comparison between the two

schemes across time.



"Tis but a ring where we come and we go;

Beginning there is none, nor end, we know;

And none there is to tell us plainly this—

Whence have we come, and whither shall we go?
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